A chiral string can be seen as an ordinary string in a singular gauge for the worldsheet metric and has the ambitwistor string as its tensionless limit. As proposed by Siegel, there is a one-parameter (β) gauge family interpolating between the chiral limit and the usual conformal gauge in string theory. This idea was used to compute scattering amplitudes of tensile chiral strings, which are given by standard string amplitudes with modified (β-dependent) antiholomorphic propagators.
Introduction
The ambitwistor string was proposed in [1] as a chiral string model underpinning the so-called CHY formulae [2] . In spite of possessing an involved geometrical interpretation, the model has a simple realization. In the bosonic case, for instance, its chiral action takes the gauge fixed form S bos = 1 2πˆd 2 z{P m∂ X m + b∂c +b∂c}, (1.1) where X m denote the target space coordinates, c is the holomorphic component of reparametrization ghost andc is the ghost associated to the massless constraint H ≡ P m P m = 0. Incidentally, this action resembled the one proposed earlier by Hohm, Siegel and Zwiebach (HSZ) [3] , which was considered in the context of doubled-coordinate field theory towards a model with manifest T-duality. The ambitwistor string, however, has no dimensionful parameter.
The connection between the ambitwistor string and the ordinary string was not precisely understood at first. Due to the massless constraint and its finite spectrum, it might be more intuitive to picture the ambitwistor string as arising from some infinite tension (zero length)
limit of the string. In this case, the string shrinks to a point and massive states become infinitely heavy, decoupling from the theory. In terms of the action, this idea is supported classically when the infinite tension limit is accompanied by singular field redefinitions [1, 4] .
On the other hand, the infinite length limit of the string yields too a massless spectrum.
The difference is that it consists of an infinite number of higher spin states. From this point of view, if the ambitwistor string is supposed to come from a zero tension limit, it has to be concomitant with some process that truncates the physical spectrum. In [5] , Siegel proposed a one-parameter family of gauges that interpolates between the usual conformal gauge and the chiral gauge leading to the action above. In terms of the metric g ij , where {i, j} = τ, σ are the standard worldsheet directions, it corresponds to
where ω is a conformal factor and β ≥ 0 is the parameter. The conformal gauge is recovered when β = 0, while the chiral limit is obtained when β → ∞. The action (1.1) is the outcome of the BRST quantization of the first order form of the Polyakov action in this gauge (referred to as HSZ). The ambitwistor string can then be seen as the tensionless limit of the usual string in the singular HSZ gauge. This idea seems to be directly connected with the results of Gamboa et al [6, 7] , where different ordering prescriptions lead to different spectra in the tensionless limit of the (spinning) string, called null string. Later, in [8] , this connection was made much more clear and precise.
In addition to the bosonic model, the extensions of the ambitwistor string with N = 1 (heterotic) and N = 2 (types IIA and IIB) worldsheet supersymmetry were also analyzed in [1] .
Their descriptions with manifest spacetime supersymmetry appeared soon after in [9] , using the pure spinor formalism.
For the type II case, the ambitwistor spectrum coincides with the usual massless superstring spectrum (N = 2, d = 10 supergravity) and, again, the infinite tension picture seems adequate.
The same agreement is observed for the gauge sector of the heterotic model. On the other hand, both the bosonic model and the gravity sector of the heterotic model do not match their usual string counterparts. In fact, a more thorough analysis of their BRST cohomology shows that the physical spectrum is non-unitary. In particular, the kinetic action associated to these states involves higher derivatives. This was only recently demonstrated [10] .
This asymmetry between the gravity sector of the bosonic, heterotic and type II ambitwistor spectrum is more easily understood when the tensile picture is considered. In this case, the massless ambitwistor constraint is replaced by
where T is the string tension. In principle, this tensile "deformation" allows for massive states in the spectrum. However, this depends on the amount of supersymmetry of the model. For N = 2, the physical spectrum of the chiral string is independent of the tension. For N = 1 (heterotic), the physical spectrum contains the usual supergravity states plus a multiplet resembling the first massive level of the open superstring with mass m 2 = 4T . For N = 0 (bosonic), in addition to the usual gravity states (graviton, dilaton and Kalb-Ramond form), the spectrum contains two spin 2 fields with mass m 2 = ±4T .
As proposed in [5] , the tensile chiral string can be obtained from a singular gauge limit of the usual string together with a change in the worldsheet boundary conditions, which effectively amounts to a sign flip in the antiholomorphic part of the XX propagator. This idea was explored by Huang et al in [11] , where a modified Kawai-Lewellen-Tye factorization was used to compute tree level amplitudes. As expected, the poles of these amplitudes coincide with the physical spectrum described above. In the tensionless limit, the massive spin 2 fields of the bosonic and the heterotic model become massless and mix with the graviton. They can be understood as auxiliary fields responsible for introducing the higher derivative equations of motion for the original massless states. This construction has been demonstrated in the bosonic model in [12] , including current algebra extensions.
The first loop computations using the ambitwistor string appeared in [13] , indicating the one-loop modular invariance of the GSO projected type II scattering amplitudes. It seems, however, that the purely bosonic model does not share such feature. This was analyzed within the framework of null string theory in [14] and the results agree with the tensile model of [15] .
Unfortunately, modular invariance cannot yet be confirmed using the pure spinor construction of [9] . The reason is that the b ghost in the pure spinor formalism is a composite operator and its definition in the tensionless limit has not been found so far. In the tensile model, however, the b ghost was successfully built in [16] , which introduced the sectorized description of the chiral models. The idea behind this interpretation is that a chiral model with action of the form (1.1)
can be effectively described in terms of two sectors that emulate the usual left and right movers of the (super) string.
Since the pure spinor formalism still lacked a fundamental worldsheet description, the relation between the chiral actions of [16] and [5] was not very clear. This was only completely achieved later in [17] , where the equivalent of the HSZ gauge was implemented with the derivation of the chiral action of [16] . Another issue that prevented a more immediate identification of the sectorized model with Siegel's chiral string was the absence of the integrated vertex operator (IVO) in the former. Therefore, only 3-point tree-level amplitudes could be directly compared.
In general, chiral models lack a natural ingredient to define an IVO as an integration over a Riemann surface, since all fields are holomorphic. In the ambitwistor string, this obstacle is overcome with the insertion of the BRST-closed operatorsδ(k m P m ), where k m is the linear momentum of the vertex. In turn, this operator enforces the localization of the scattering amplitudes. The definition of the operatorδ(k m P m ) was made more precise by Ohmori in [18] and can be written instead asδ(H −1 ), where H −1 is the mode −1 of H acting on the unintegrated vertex operator. It coincides withδ(k m P m ) when the X m dependence of the vertex operator is only through e ik·X .
In this work, Ohmori's construction will be generalized in order to properly define the IVO of the tensile chiral string. The main ingredient in this construction is the sector-splitting operator ∆, formally defined as∆ 5) emulating the boundary condition change proposed by Siegel in [5] . Following this result, a series of identifications is put forward, resulting in a simple map between the chiral models with first order action of the form (1.1) and ordinary second order string actions in the conformal gauge but with the particular OPE above. It is then straightforward to show that tree level scattering amplitudes in the sectorized model are given by the "flipped" Kawai-Lewellen-Tye factorized amplitudes of [11] . In order to see the tensionless limit, it is enough to show that 6) and the modular integration ofz in the IVO's generates the localization operatorsδ(k m P m ).
It is worth to point out that a rigorous way of defining N -point amplitudes in these chiral models already exists and it is given in terms of intersection numbers of cohomology classes on the moduli space of punctured Riemann surfaces (see [19] and references therein). Their equivalence with the amplitudes of [11] was already demonstrated in [20] using intersection theory 1 . On the other hand, the definition of the integrated vertex operator for the chiral models brings this equivalence closer to the usual construction in string theory, with a more physical approach.
This work is organized as follows. Section 2 consists of a review of Siegel's gauge family of [5] and the sectorized interpretation in the chiral limit. Section 3 introduces the operator 
Review of chiral strings
In this section, the singular gauge fixing leading to chiral strings will be reviewed in the context of Siegel's gauge family and the sectorized description.
The Polyakov action and Siegel's gauge family
The Polyakov action in the Hamiltonian form is given by
where T is the string tension and e ± denote Weyl invariant Lagrange multipliers. They can be effectively interpreted as the gauge fields of worldsheet reparametrization symmetry, with generators
The associated gauge transformations, with local parameters c + and c − , are given by
and the usual conformal gauge is obtained by setting e ± = −1.
In [5] , Siegel introduced a one-parameter (β) family of gauges expressed as This gauge family can be seen as an interpolation between the conformal gauge (β = 0) and the chiral gauge (β → ∞), which was first proposed in the doubled-coordinate field theory context of [3] .
The chiral gauge is singular and has a simple geometric interpretation. First recall that e + and e − can be expressed in terms of the worldsheet metric g ij (g ij ) as
Given the gauge choice (2.4), it follows that
while det g ij = −1. In principle, there is also a conformal factor but it can be conveniently tuned for a given topology using the Weyl symmetry (for simplicity, only the flat worldsheet will be discussed here). The line element can be written in terms of the light-cone coordinates,
In order to picture this, it is useful to consider a three-dimensional flat space with line element ds 2 = −dσ + dσ − + dρ 2 subjected to the constraint ρ = √ βσ + . The intrinsic two-dimensional metric is then given by equation (2.6) and corresponds to a plane inclined by an angle θ = arctan √ β with respect to ρ = 0. See figure 1.
Physically, increasing β implies that two points with different σ + coordinates become further apart. In the limit β → ∞, these points become causally disconnected and the worldsheet dynamics is solely governed by the coordinate σ − . For Euclidean worldsheet coordinates, this limit leads to the (chiral) gauge fixed action
where the gauge parameters c ± were promoted to anticommuting ghosts with antighosts b ± .
Note, in addition, that the string tension T does not explicitly appear.
The sectorized interpretation
The action (2.7) can be effectively interpreted in terms of two sectors "+" and "−", analogous to the usual left and right-movers of the bosonic string. This will become clearer in the next section. To each sector, a characteristic energy momentum tensor can be assigned, given by
where
and η mn is the flat target-space metric. The BRST charge Q manifestly expresses the sectoriza-
As in the usual bosonic string, the number of spacetime dimensions is d = 26, fixed by requiring the nilpotency of Q.
While the combination (T + + T − ) gives the left-moving Virasoro generator, (T + − T − ) takes the form of a generalized particle-like Hamiltonian:
Since {Q, b ± } = T ± , both T and H are BRST-exact.
The BRST charge can be cast in a more traditional form as
where the . . . denotes terms of order T 1 and T 2 , and
(2.13)
Q resembles the bosonic ambitwistor BRST charge proposed by Mason and Skinner [1] and, in fact, can be thought of as its tensile generalization.
The sectorized description can be extended fairly easily as long as the chiral action of the models under consideration have vanishing characteristic central charges, corresponding to the absence of quartic poles in the OPE's
where T + and T − can be generically written as
In other words, the central charge of the chiral model has to vanish and H has to be a primary operator.
Some examples of interest include the spinning string with N = (1, 1) , N = (1, 0) and N = (0, 1) worldsheet supersymmetry, the pure spinor superstring with N = 2 and N = 1 spacetime supersymmetry 2 or purely bosonic models in d < 26 extended with current algebras.
All these models contain graviton excitations (either type II, heterotic or bosonic), with or without ghosts, and recover the corresponding ambitwistor string in their tensionless limit.
Vertex operators and amplitudes
In the chiral strings mentioned above, physical states are defined to be in their ghost number 2 BRST cohomology and annihilated by b 0 , the zero mode of the b ghost cf. equation (2.13) . This last requirement is the chiral analogous of the condition (b 0 −b 0 ) = 0 for off-shell closed string states and was shown to provide the correct prescription for ambitwistor strings [10] .
The unintegrated vertex operators are straightforward to build (normal ordering is assumed whenever needed). For momentum eigenstates, their different components have the generic form
where U + and U − are composite operators constructed exclusively from the "+" and "−" sectors respectively. As long as the physical state conditions are satisfied, U + and U − do not necessarily have the same ghost number.
The definition of integrated vertex operators is slightly more intricate. Because the model is chiral, the usual recipe from string theory does not work. Naively, the integrated vertex operator could be defined as
where the subscript −1 denotes the corresponding mode of the b ghost operators. Note, however, that V has conformal weight (2, 0) and satisfies∂V = 0, therefore the integration over the Riemann surface Σ is not well defined. In addition,
While the first term on the right hand side of the last equation can be disregarded as a boundary contribution in the moduli space integration, the second term does not vanish and the integrated vertex operator is not BRST invariant.
A natural way of fixing these issues would be to formally introduce a BRST closed operator δ(H −1 ) with conformal weight (−1, 1), such that the productδ(H −1 ) · H −1 vanishes under the appropriate conditions, e.g. corresponding to a boundary of the moduli space. In this case, the integrated vertex operator should be defined as
In the tensionless limit, this idea was proposed by Ohmori in [18] and agrees with the operatorδ(k · P ) introduced by Mason and Skinner in [1] as long as the only dependence of the vertex operator on the target-space coordinates is through e ik·X . The moduli space integration is then well defined and the role ofδ(k · P ) is to impose the so-called scattering equations in the N -point amplitude computations.
In this section, the integrated vertex operator for the sectorized model will be finally built, motivated by the definition (3.4) . Besides providing a more robust and intuitive definition of the operatorδ(H −1 ), the tools developed here explain the expected connection between the sectorized model and the β → ∞ limit of Siegel's string [5] .
The sector-splitting operator
Consider the BRST-closed operator∆
By construction,
where L 0 is the Virasoro zero mode.
The action of the operator∆ can be understood in terms of the sectorized interpretation as follows. While T = T + + T − generates holomorphic worldsheet translations, 9) there is no analogous operation for the antiholomorphic sector because the classical equations of motion imply∂ = 0. As discussed in subsection 2.1, this is a consequence of the singular metric gauge (HSZ). The antiholomorphic dependence is then artificially reintroduced by the operator ∆. This operation depends on the string tension T and on the sector on which the operator acts.
Observe, for example, that∆ 10) and, more generally,∆
where O + (O − ) denotes operators exclusively built from the plus (minus) sector. Therefore, ∆ creates a point-splitting between the two sectors. The presence of the string tension in the arguments is unusual but makes it easier to determine the tensionless limit. It could have been removed, of course, by a redefinition of (3.6) as∆ = exp{ i Tz H −1 }. It will be convenient to define also the sector coordinates z ± as 12) such that ∂ ± z ± = 1 and ∂ ± z ∓ = 0. These coordinates play the role of the usual holomorphic and anti-holomorphic pair, but they are not suitable for the tensionless limit analysis since they become degenerate, i.e. z ± → z for T → 0.
The only non-trivial operation is the action of∆ on the target-space coordinates, X m , since they do not belong to a specific sector. It will be defined as 13) and it is straightforward to show from the series expansion (3.6) that
To obtain the second line from the first line, it suffices to recall the definition (2.9). Note that X m (z,z) satisfies the equations of motion
which can be rewritten in a more suggestive form in terms of the coordinates z ± ,
16a)
16b)
The BRST transformation ofX m also incorporates such sector splitting as
All these results suggest thatX m behaves like an ordinary worldsheet scalar from a second order action, including a non-trivial OPE with itself which can be computed to bē
18)
The catch is that the would-be holomorphic and antiholomorphic sectors have a propagator with opposite sign, similar to Siegel's proposal of [5] . Reproducing such structure in a chiral model (β → ∞ limit in Siegel's gauge family) was only possible due to the introduction of the sector-splitting operator.
Integrated vertex operator and tree level amplitudes
Having introduced the sector-splitting operator, the next step is to analyze its action on the unintegrated vertex operators of the form (3.1):
As a consequence,
Using the equations (3.16), it is then trivial to map any vertex operator in (the chiral limit of)
Siegel's string to the sectorized model and vice-versa.
The integrated vertex operator in the sectorized model will be defined as
and satisfies
whereL 0 = −z∂ and the∆ properties (3.8) were used. Inside the moduli space integration, V has the expected conformal transformation and its BRST transformation can be written in terms of boundary contributions that vanish upon integration over compact Riemann surfaces.
Naturally, the tensionless limit of this operator should agree with [1, 18] . In particular, it would be interesting to reproduce Mason and Skinner'sδ(k · P ) insertions which impose the scattering equations. Through equation (3.14) , it follows that the tensionless limit ofX m is given by X m (z) + izP m (z). Consequently,
When integrated overz, the second exponential can be thought of as a representation forδ(k · P ) and the integrated vertex (3.21) has the expected ambitwistor string limit.
At tree level, N -point amplitudes can be cast as
and V = V when z ± j = z j ± iTz j . Because of the point-splitting generated by the operator∆, it might be more convenient to express V j in terms of the integration over z ± j , but this is valid only for T = 0.
The actual computation of A N is very similar to the one in ordinary string theory and, in fact, identical to the amplitudes of Huang, Siegel and Yuan in [11] . The demonstration goes as follows. Consider the unintegrated vertex operators (3.19) and
In this amplitude, the plus and minus sectors behave like the usual holomorphic and antiholomorphic sectors of the string. Using equations (3.16), any vertex in the sectorized description can be mapped to Siegel's string in the chiral limit. From the conformal field theory point of view, evaluatingĀ N (k 1 , . . . , k n ) using the (P m , X m ) first order action is equivalent to the same computation using the second order action forX m with propagator (3.18). SinceĀ N is Möbius invariant, i.e. independent of the fixed coordinates z It might be useful to analyze the (P m , X m ) contribution to A N (k 1 , . . . , k N ) . Through the equations (3.16) and the OPE (3.18), it is easy to show that
, (3.27) which can be used to compute the OPE reduction of A N (k 1 , . . . , k N ) by contracting all the operators P ± m with themselves and with the exponentials. Finally, the remaining contribution involves only plane-wave operators and can be generically written as
There are two simple ways for evaluating this contribution. The first is to analyze instead
: e
using the propagator (3.18). The zero-mode integration of X m gives the usual momentum conservation delta,
and the final result can be sketched as
As explained above, A X N is recovered for z + i = z − i and i = 1, 2, 3. Alternatively, A X N can be computed in a similar way to the standard ambitwistor construction. By incorporating the exponentials in the path integral action, it can be cast as
where equation (3.14) was used. Again, the zero-mode integration of X m gives (3.30), while the integration of the non-zero modes imply that
On the Riemann sphere, there is a unique solution for this equation, given by
which has the expected tensionless limit. Because of the point-splitting, P m (z j ) is not singular for T = 0. It is then straightforward to show that the amplitude contribution of the action S[X, P ] is equal to (3.31) when z
In particular, the Koba-Nielsen like factors of the amplitude are generated by replacing the solution (3.34) on the second line of (3.32).
Final remarks
The results presented here establish a simple realization of the fact that tensile chiral strings can be effectively seen as ordinary strings in the conformal gauge with a relative sign flip between the left and right moving parts of the XX propagator. This idea was proposed by Siegel in [5] and interpreted as a change in the boundary conditions of the model.
The sectorized description of [16] , therefore, was an incomplete manifestation of this equivalence. The missing link, presented here in section 3, was the explicit construction of the integrated vertex operators in the chiral model. At genus 0, N -point amplitudes computed using either the new definition of the integrated vertex operator or the Siegel's sign-flipped model are equivalent. At the loop level, on the other hand, there might be some subtleties. The modular invariance of the type II ambitwistor string at one-loop was shown in [13] . However, for the bosonic case in the null string framework, oneloop modular invariance was not observed [14] . Using the sign-flipped model, this result was confirmed for tensile chiral strings [15] . It might be interesting to investigate these results within the framework presented here. In particular, a better understanding of the geometrical meaning of Siegel's gauge family for the torus and higher genus Riemann surfaces should be useful. It is not obvious, for example, that the mentioned equivalence between the tensile chiral string and the ordinary string with the sign flipped propagator holds at loop level. The reason is that the point-splitting generated by the operator∆ is invisible to the modular parameter. In other words, the would-be left and right moving propagators depend on the same modular parameter, τ , as opposite to the usual τ andτ . An appropriate loop prescription should be found and, in this direction, the results of [21] may be helpful.
The solutions (3.34) give rise to modified scattering equations that should also accommodate massive particles. The momenta k j (j ≥ 4) have a split structure, each one virtually behaving as two particles with half of the total momentum located on the Riemann sphere at z j ± iTz j .
However, this idea has not yet been investigated and will be left to a future work. The possible outcomes shall be compared with known results in the literature of scattering equations of massive particles, e.g. [22] . A A concrete example: the bosonic chiral string
In this appendix, the ideas developed in the main text will be applied to the bosonic chiral string, with BRST charge (2.10). The cohomology will be reviewed with a subsequent evaluation of all tree-level 3-point amplitudes and the 4-point amplitudes with massless external states. The latter is in agreement with the results of [23] .
A.1 Cohomology
The BRST cohomology at ghost number zero is given by the identity operator. At ghost number one, the cohomology contains only the zero-momentum operators c + P + m and c − P − m . Physical states are defined as elements of the BRST cohomology with ghost number two, conformal weight zero and annihilated by the zero mode of b = b + + b − . They can be generically expressed as U = U 0 + U + + U − , such that
U 0 describes massless fields (A mn , A m , B m , A and B) , while U ± describes fields of mass
The equations of motion are given by
with gauge transformations
Here, α m , β m , ω, λ m ± and σ ± are the gauge parameters. In order to make the physical degrees of freedom more transparent, it is convenient to make some field redefinitions. For the massless vertex U 0 , consider 6) such that the equations of motion above are rewritten as
with gauge transformations δφ = 0,
(A.8) φ corresponds to the dilaton, b mn is the Kalb-Ramond 2-form and g mn is the graviton.
For the vertices U + and U − , consider the combinations
The fields d ± and d m ± are pure gauge, while d mn ± corresponds to spin 2 fields with m 2 = ±4T satisfying
A.2 3-point amplitudes at tree level
For the amplitude evaluations, it is simpler to consider a gauge fixed form of the vertices above with momentum eigenstates. In addition, it might be helpful to work with their sector-split versions, cf. definition (3.19) , in order to build some intuition on the 3-point amplitudes and their independence from the fixed positions of the vertices (Möbius invariance). The gauge fixed vertices will be chosen to be:
• massless vertex, U 0 , with sector-split form
• massive vertex, U + , with sector-split form
with k m k m = −4T , k n C mn + = 0 and C mn + η mn = 0;
• and the tachyonic vertex, U − , with sector-split form
with k m k m = 4T , k n C mn − = 0 and C mn − η mn = 0;
There are ten 3-point tree level amplitudes that can be built from U 0 and U ± , which will be generically cast as
The contributions from the ghost measures are simply
where z
The matter contribution is obtained with the OPE reduction of the amplitude by computing all the contractions of the P ± m 's with themselves and with the exponentials e ik·X . At the end, the remaining contribution from the exponentials is given by equation (3.31).
For 3-point amplitudes, it will be defined as
Although z + ij and z − ij appear with opposite powers, this is precisely the combination needed to show the Möbius invariance of the amplitudes. The list of all 3-point amplitudes can be cast as:
where A mm , C + mn and C − mn are the vertex polarizations as presented above and the kinematic tensors are given by
Note, in particular, that the 3-point amplitude with massless vertices, A 000 , is in agreement with the results of [11] .
A.3 4-point amplitude with massless external states
As an example, the 4-point amplitude with external massless states will be now analyzed. In addition to Möbius invariance, it will be shown that the amplitude has the expected poles located over the mass spectrum of the physical states.
Consider
A 0000 = Ū 0 (z
where the integrated vertex operator, V 0 (k 4 ), is given by
cf. equation (3.25) and the gauge fixed unintegrated vertex operator (A.12).
In this case, the Mandelstam variables are such that The cancellation of the other poles of the gamma functions works exactly as described in [11] .
